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Summary
The objective of this Thesis is to obtain an arbitrage-free price of a European Exchange
Option in incomplete markets, where the underlying price processes are assumed to be
exponential generalized Ornstein—Uhlenbeck processes. A European Exchange Option is
a financial derivative that gives the holder the right to substitute one security for another
at a predetermined point in time T .
The first Section of the thesis states an Introduction to the economic relevance of Ex-
change Options and a justification of the assumptions on the underlyings’ price processes.
Section 2 is divided into two parts: the first giving a very brief discussion of the most im-
portant mathematical concepts used in arbitrage-free pricing theory, the second focusing
on fundamental results of previous research.
The third Section contains three parts. Firstly, some preliminary remarks are made on
the model setup. Part two gives a detailed analysis of a generalized Esscher transform
for n underlying securities that provide equivalent martingale measures to price options.
The last part of this Section reduces the generalized Esscher transform to the case n = 2,
which is used in Section 4 to find an arbitrage-free option price for a European Exchange
Option.
Section 4 presents the actual calculations for arbitrage-free prices of the investigated
contract and summarizes the results in Theorem 4.1.
The Thesis concludes with some remarks and gives advice on further research projects
in this specific model setup.
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Abstract. This paper proposes a closed form solution for Esscher prices of Exchange
Options in incomplete markets, which can be used to simulate option prices. The under-
lying price processes are assumed to follow exponential generalized Ornstein—Uhlenbeck
processes, including independent Brownian motions and jump parts. To determine equiv-
alent martingale measures a generalized Esscher transform is used.
1. Introduction
The idea of financial derivatives (e.g., futures, options or swaps) is probably as old
as the existence of markets. A legend described by Aristotle tells the story of a poor
philosopher named Thales. At that time many Greeks worked as olive farmers and olive
oil producers. For their production, the farmers rented olive presses from local owners.
Thales was said to use his skills to forecast and predict the olive harvest for next autumn.
He was very confident about his predictions, and so signed agreements with the press
owners that guaranteed him the exclusive right to use these presses in the upcoming
autumn. Thales negotiated low prices successfully because the olive harvest took place
in the future and the press owners wanted to hedge against a possible poor yield. When
the harvest came, and the demand for presses was high he charged high prices for renting
presses to the farmers and earned a large wealth (cf. Aristotle (1994),[1]). The contract
signed by Thales can be seen as an option on the use of olive presses in the future. Since
those days the question of what is a fair price for such a contract has been crucial. It is
still in general an open question in financial economics.
The short anecdote about Thales already displays one of the most important justifica-
tions of derivative securities, namely the disposition of risk. The press owners faced the
risk that the olive harvest might be low and that the prices of renting a press in autumn
might be low. In order to get rid of the price risks they sold their rights to use the oil
presses to Thales who speculated on high olive harvests in autumn. This risk transfer is
usually called hedging and options are one method of hedging against risk. Therefore,
they are important for the risk-management department of any firm that wishes to hedge
against prospective price risks.
An option is a contract between a buyer and a seller of a good. It gives the holder
(owner of the contract) the right to purchase a good at a fixed point in the future, while
the price of the good and the quantity are fixed today. Nowadays, this kind of contract
is termed a European Call Option. If the holder has the right to sell the good instead of
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buying it, it is called a European Put Option. The term European refers to the fact that
the right of purchasing or selling the good is only valid at a fixed future time. The goods
an option might be written on (underlying) are actually not restricted. The underlying
could be a share of a corporation, a bond, any commodity, or a portfolio. An ’exotic’
underlying such as weather could also be possible.
Probably the most famous model attempting to develop a theoretical price for such a
contract is the Black—Scholes—Merton model which goes back to the groundbreaking
contributions of Black and Scholes (1973),[8], and Merton (1973),[27]. For these works
Myron Scholes and Robert C. Merton were honored with the ’Nobel Prize in Economics’
in 1997. Fischer Black died in 1995, so was not eligible for the 1997 Nobel Prize. Crucial
in option pricing are the assumptions on the asset price process, i.e., the price process of
the underlying. Black, Scholes and Merton solved this by assuming that the price of the
underlying follows a geometric Brownian motion with a constant drift term and a constant
relative volatility. They considered a complete and frictionless market, i.e., in the market
every derivative security can be replicated by a portfolio and it has neither taxes nor
transaction costs. Additionally, their model assumes a constant interest rate of a risk-free
bond. They then calculate an arbitrage-free price of a European call option. The concept
of arbitrage-free prices is the standard pricing argument in financial economics and build
upon Modigliani and Miller (1958),[28]. Their basic insight is that prices of packages of
financial products, or simpler portfolios, must have the same price if their payoffs are the
same. Thus, the price of a European call option calculated by Black, Scholes and Miller
is a hedging portfolio that has the same payoff as the option. This result is stated in the
well-known Black—Scholes Option Pricing Formula for European Call Options.
In contrast to Black and Scholes (1973),[8], this paper assumes an exponentially gen-
eralized Ornstein—Uhlenbeck process driven by mB independent Brownian motions and
mL independent pure jump Lévy processes. Note that a Brownian motion is always a
Lévy process, but not vice versa. The Brownian motion is the only Lévy process having
continuos sample paths, therefore ‘Lévy processes’ will in the following always refer to the
pure jump parts of the process. The application of an exponential Ornstein—Uhlenbeck
process is to assure for only positive prices. It is assumed that the time-dependent mean is
deterministic, as are the variance parts of the Brownian motions and the Lévy processes.
This is motivated by Benth et al. (2003),[4], and Kåresen and Husby (2002),[24], and
generalizes their work in the sense that this paper also allows for a time-dependent mean
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in the Ornstein—Uhlenbeck process. The use of an exponential Ornstein—Uhlenbeck pro-
cess might be preferable to a geometric Brownian motion because of its mean-reverting
part. Here, it is assumed that the underlying asset prices return to their long term mean.
When modeling commodity prices, the idea is that if the price of the considered commod-
ity is assumed to depart too high from its long term mean, consumers of the commodity
might reduce their demand. Hence, this causes a downward price pressure and the com-
modity price returns to its long term mean. If, on the other hand, the commodity price
is assumed to be lower than the long term mean of the price some producers might drop
out of the market. This might be the case because their marginal costs are higher than
the actual price. This will be followed by an upward price pressure and the commodity
price returns to its long term mean (cf. Schwartz (1997),[32]).
One justification for using a mean-reverting model for stock prices is that stock prices
move along macroeconomic business cycles. The idea is captured in this model in the
time-dependent mean. An alternative interpretation on the mean could be the moving
average of the stock prices. The hypothesis that stock prices are mean-reverting has been
investigated, e.g., by Jegadeesh (1991),[21], or Fama and French (1988),[14]. Both papers
find evidence that long run stock prices are mean-reverting in some sense.
Stochastic influences on the underlying asset prices are modeled by the independent
Brownian motions and Lévy processes. Brownian motions are used to capture small
changes of the price within short time, which is a favorable property of the Brownian mo-
tion. In addition to this, the model at hand allows for jumps, in other words, large price
changes within short time. This property comes from the assumed Lévy processes. Note
that allowing for jumps in addition to Brownian motions implies market incompleteness,
because in general not a unique martingale measure exists. Considering a model that
includes both Brownian motions and Lévy processes allows for some fruitful interpreta-
tions. Usually the price process has a low variance in a short time interval. Given that
the underlying price process models stock prices, small changes within short time might
come from the intuition that the price of one share of a corporation reflects the discounted
expected earnings of a company divided by the number of shares. The expectation of the
future earnings are insecure and therefore the stock price moves continuously over time.
To model this, Brownian motions are used. However, it might be possible that an event
occurs that has a significant influence on expected earnings and so the price jumps. This
possibility is included in the model by assuming that stock prices might be also driven
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by Lévy processes. A similar argument holds for commodity prices. Future demand and
supply are uncertain, therefore the commodity price is also uncertain, these uncertainties
being modeled by Brownian motions. It could also be possible that a random event occurs
that destroys large production capacities or the invention of a new technology makes the
commodity unnecessary. Then one expects to see a jump in the price process, which is
again modeled by the Lévy processes.
The main interest of this paper is to examine an arbitrage-free price of a European
Exchange Option, if the underlying asset is assumed to follow an exponential Ornstein—
Uhlenbeck process as described above. This means that the price of a contract which
gives the holder the right to substitute one asset for another at a future point in time,
the maturity time, is investigated. In the framework of Black and Scholes, Margrabe
(1978),[26], was the first to develop a pricing formula for such a contract. The price of
such an option is of great interest for both theorists and practitioners. The fact that this
option gives the holder the right to purchase one underlying for another could by used
from a theoretical point of view as a possible measure for future transaction costs. In
other words, the transaction costs that have to be paid if someone wishes to substitute
a risky asset for another in the future are reflected by this kind of option. By its nature
the quantity and the maturity time of the option are known. Hence, the holder knows
how many assets he will substitute and he knows when he will exchange them. Unknown
to him are the transaction costs of this trade. If he also knows the price of an exchange
option on this trade, he faces no risk in the substitution. For practitioners this is very
important.
Consider an example: Index funds try to replicate an index and while doing so, they
aim to minimize their tracking errors. The tracking error is the difference between the
index performance and the performance of an index fund (see e.g. Lynch and Mendenhall
(1997),[25]). Consider also an index fund that attempts to replicate the S&P 500 Index.
The S&P 500 Index is a market value-weighted index composed of 500 leading companies
from the United States invented by the rating agency Standard & Poor’s in 1957. It
focuses on the large cap segment of the market and reflects approximately 75% of U.S.
equities. Beginning October 1, 1989, until the present, Standard & Poor’s began a pre-
announcing policy. This means that the date of change is announced after market close,
but the change is not applied until the effective day. The period between announcement
and effective day is on average five business days, but it can vary from one day up to about
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one month (cf. S&P U.S. Indices Index Methodology (2009),[33]). In order to minimize
the tracking error, the fund manager will substitute the added stock on the effective day
and not on the announcement day. But empirical studies showed evidence for abnormal
returns for the added stock during this time (see e.g. Lynch and Mendenhall (1997),[25]).
Because of this the fund manager could buy an exchange option to hedge against the
abnormal return and therefore make positive profits from such an index addition.
The remainder of this paper is organized as follows: the following section is divided into
two subsections, the first providing the reader with the most important mathematical
tools for option pricing and their economical interpretation and part two stating the
fundamental results of financial economics. Section 3 focuses on the model setup and the
calculations of a reasonable martingale measure by using the Esscher Transformation. The
actual calculation of an arbitrage-free price for a European Exchange Option is presented
in Section 4. Some concluding remarks are presented and an outlook for further study is
given in the last Section.
2. Preliminaries
In financial markets there exists a wide range of different financial products. A closer
look at the world’s main exchanges in New York, Chicago or London reveals that there are
almost innumerable different, but standardized investment products. In addition to this, if
one investigates different over the counter (OTC) markets, the number of financial assets
is even higher. OTC markets are non-public markets between different kinds of financial
intermediaries trading a various number of other non-standardized financial contracts.
This seemingly continuous range of financial assets can be divided into three asset classes:
risk-free assets, risky assets and derivative assets.
The first class, risk-free assets is characterized by the fact that the yield of these
securities is deterministic and therefore the price process is predictable. In the view of
mathematics, risk-free assets can be described by deterministic functions and are primarily
a theoretical construction in financial economics. Examples of this class include various
kinds of governmental bonds and bank accounts with a predetermined and known interest
rate. It is implicitly assumed that there exists no default risk or sovereign risk, i.e. it is
impossible that a debtor might not be able to discharge his debt or fulfill the contract.
Actually all financial products are ’risky assets’ because all financial products involve a
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default risk. In the following, we might use the terms risk-free bank account or risk-free
security equivalently.
In financial economics the term risky assets describes a specific class of securities.
The yield of these assets is unknown, or in the language of mathematics, a random
variable. Therefore, the price processes over time each follow a stochastic process and
are unpredictable. Usually this class covers stock and commodity prices. It is reasonable
intuitive that holding a position in this asset class is risky. In order to find the price of one
share of a firm, one could try to estimate the future earnings, which are unknown, discount
them back in time by the according interest rates, which are also unknown and divide this
firm value (net present value) by the number of shares. Because of these uncertain factors
it is impossible to predict their prices. For commodity prices, one could argue similarly.
If prices are determined by supply and demand and neither futures demand nor futures
supply are known, it is not possible to predict the price of a commodity.
The third class of financial securities is derivative securities or contingent claims. The
prices of such securities are derived from or depend on prices of other assets. In math-
ematical language these products are functions of securities’ other price processes. The
class of derivative securities is possibly the widest class of financial products. It includes
all kinds of futures, forwards, options, swaps, etc. In order to find a suitable price, one
uses the concept of no-arbitrage in financial economics and mathematics. The argument
is built on the intuition that if the payoff of a derivative security is based on the prices
of an underlying asset, there should not be any price difference between them, except the
one caused by the mathematical function.
The following sections of this paper focus on pricing one specific option. The rest of
this section should provide the reader, unfamiliar with the field of financial economics,
with the basics of this economical discipline. The remainder of the section is divided into
two parts. The first one defines the most important mathematical concepts in financial
economics and explains their economical interpretation. (The reader should be equipped
with the basic concepts of probability theory. If not, he is referred to Billingsley (1995),[5],
or Bauer (1995),[3].) The second part states the most important definitions and theorems
used in arbitrage pricing theory. This section is not intended to be a complete overview
of financial literature but to spark interest for the topic and provide the reader with the
intuitive background for the rest of the paper.
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2.1. Mathematical Concepts. One of the most important mathematical concepts in
the world of arbitrage pricing is filtrated probability spaces, a probability space equipped
with a filtration. The economical intuition of this is to model an information flow over
time. Mathematically it is defined by:
Definition 2.1 (Filtration (Definition 2.11 in Cont and Tankov (2003),[9], p. 39)).
A filtration or information flow defined on (Ω,F , P ) is an increasing family of σ-algebras
(Ft)t∈[0,T ] : ∀t ≥ s ≥ 0, Fs ⊆ Ft ⊆ F .
Ft can by interpreted as the information known at time t which increases as time moves
on. This means the probability that a random event occurs changes over time as more
information is revealed. This allows us to distinguish between events that are known at
time t given the information at time t from those which still have to be seen as random at
that time. If event A ∈ Ft, given the information at time t the observer is able to decide
whether event A has occurred or not.
Filtrations are important in order to decide whether a stochastic process is a martingale
or not. We assume the processes to be càdlàg, i.e., the processes are right-continuous and
their left-hand side limits exist.
Definition 2.2 (Martingale (Definition 2.14 in Cont and Tankov (2003),[9], p. 41)).
A càdlàg process
(
X(t)
)
t∈[0,T ] is said to be a martingale if X is non-anticipating (adapted
to (Ft)t∈[0,T ]), E[|X(t)|] is finite for any t ∈ [0, T ] and
∀s > t, E[X(s)|Ft] = X(t).
This means that the best prediction of a martingale’s future value is its present value.
From an economical point of view, martingales can be seen as fair games. In other words,
in expectations one cannot gain or loose anything from playing such a game.
Besides modeling the information flow of a market and providing a fair game, it is
important in financial economics to model price processes. Due to the fact that future
information is not known but still has an impact on security prices, stochastic processes
are used to model this. If one follows the efficient market hypotheses by Fama (1970),[13],
which states that all information known at time t is included in the price at time t, the
Markov property has to be fulfilled for these stochastic processes. The Markov prop-
erty states that the law of a stochastic process given its whole history only depends on
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the current state. The stochastic processes given in the following Definitions fulfill this
property.
Definition 2.3 (Lévy process (Definition 3.1 in Cont and Tankov (2003),[9], p. 68).
A càdlàg stochastic process
(
X(t)
)
t∈[0,T ] on (Ω,F , P ) with values in Rd such that X(0) = 0
is called a Lévy process if it possesses the following properties:
(i) Independent increments: for every increasing sequence of times t0 < · · · < tn, the
random variables X(t0), X(t1)−X(t0), . . . , X(tn)−X(tn−1) are independent.
(ii) Stationary increments: the law of X(t+ h)−X(t) does not depend on t.
(iii) Stochastic continuity: ∀ > 0, limh→0 P (|X(t+ h)−X(t)| ≥ ) = 0.
This class of stochastic processes is fairly wide. One could assume any kind of infinite
divisible probability distribution for the stationary increments. Therefore these kinds of
processes are very powerful tools for modeling stochastic asset price behaviors because
they also allow for jumps in the sample paths, or price processes. Property (i) refers to
Fama’s (1970),[13], the idea that markets are efficient and (ii) can be interpreted in the
way that if the distribution of security price returns is known it does not change over time.
Note that (iii) does not imply that the sample paths of the process are continuous. More
precisely, given some time t, the probability of a jump occurrence at time t is zero but the
probability that a jump occurs at any time is positive. In other words, the discontinuities
of the paths arise at random points in time.
If one assumes that the probability distribution of the increments of a Lévy process are
normally distributed with mean 0 and variance t − s, N (0, t − s), the sample paths are
continuous and the process has no drift; this Lévy process is called standard Brownian
motion.
Definition 2.4 (Standard Brownian motion (cf. Billingsley (1995),[5], page 498)).
A standard Brownian motion or standardWiener process is a stochastic process
(
B(t)
)
t∈[0,T ],
on some (Ω,F , P ), with these three properties:
(i) The process starts at 0:
P (B(0) = 0) = 1.
(ii) The increments are independent, this means, for every increasing sequence of times
t0 < · · · < tn, the random variables X(t0), X(t1) −X(t0), . . . , X(tn) −X(tn−1) are
independent.
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(iii) For 0 ≤ s < t the increment B(t) − B(s) is normally distributed with mean 0 and
variance t− s:
P (B(t)−B(s) ∈ H) = 1√
2pi(t− s)
∫
H
e
−x2
2(t−s) dx.
Brownian motions are very well studied in stochastic analysis and a proof of the ex-
istence of such a process can be found in Billingsley (1995),[5], or Karatzas and Sherve
(2004),[23]. This stochastic process is named after the Scottish botanist Robert Brown,
who in 1828 studied the behavior of pollen grains suspended in a liquid. The sample path
of a Brownian motion can be seen as a graph describing the motion of a particle moving
in liquid over time. Property (i) is merely a convention defining where such a process
starts, whereas (ii) reflects a lack of memory, i.e. the future behavior depends only on the
present position, not on how it got there, (Markov property). (iii) captures the property
that it is as likely that the particle goes up as down, mean 0, or that there is no drift
and that the variance of the particle’s movement is growing over the length of the interval
[s, t]. A particle tends to wander away from its position at time t, and having done so
it has no force exerted on to restore it to that position. A process that is a Brownian
motion has some fascinating properties, e.g., the process could reach any position if the
time interval [s, t] is big enough but the probability of actually getting there is zero. Or
considering the length of a sample path on a bounded interval [s, t], this length has the
infinite magnitude for any subinterval. For a further discussion of Brownian motions we
refer to Billingsley (1995),[5], or Karatzas and Sherve (2004),[23].
In economics it is common to describe price dynamics by differential equations. If
prices are assumed to move randomly, one must extend differential equations to stochastic
differential equations. Therefore, let a, b : [0,∞)× Ω→ R be some functions and B(t) a
standard Brownian motion. Then a stochastic differential equation is given by:
X(T )−X(0) =
∫ T
0
a(t, ω) dt+
∫ T
0
f(t, ω) dB(t)
The integral
∫ T
0
a(t, ω) dt is a Lebesgue integral and
∫ T
0
f(t, ω) dB(t) refers to a stochastic
integral. It is also possible to extend this definition to Lévy processes. A good overview
of Definitions, properties, and results is found in Øksendal and Sulem (2008),[30]. Here,
we restrict ourselves to the simpler case because it has no influence on the intuition. In
order to solve a stochastic differential equation an appropriate definition for the stochastic
integral is needed.
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Consider a partition 0 = t1 < t2 < · · · < TN < TN+1 = T of [0, T ]. Take a step function
φ(t, ω) :=
N∑
i=1
ei(ω)1(ti,ti+1], (1)
where 1{A} denotes the indicator function, i.e., this function gives a 1 if x ∈ A and 0
otherwise. We define the stochastic integral as follows:
Definition 2.5 (Stochastic Integral). (i) Let φ(t, ω) : [0, T ]×Ω→ R be a step function
having the form equation (1). Let φ(t, ω) further be square integrable, left-continuous
and adapted to the filtration generated by a Brownian motion F(B(s)|s ≤ t)
t∈[0,T ].
Then its stochastic integral or Itô integral is defined by∫ T
0
φ(s, ω) dB(s) :=
N∑
i=1
ei(ω)
(
B(ti+1)−B(ti)
)
(ii) Let f(t, ω) : [0, T ]× Ω→ R be a square integrable function, adapted to the filtration
generated by a Brownian motion F(B(s)|s ≤ t)
t∈[0,T ]. Let
(
φk(t, ω)
)
k
be a sequence
of step functions, adapted to the same filtration and converging towards the function
f(t, ω), i.e.,
E
[∫ T
0
(
f(s, ω)− φk(s, ω)
)2
ds
]
→ 0 as k →∞
Then its stochastic integral or Itô integral is defined by∫ T
0
f(s, ω) dB(s) := lim
k→∞
∫ T
0
φk(s, ω) dB(s)
This Definition of the Itô integral is constructed quite intuitively and works in different
steps. First, consider time as a discrete set of time points. We then restrict our attention
only to one step function φ(t, ω) for a specific ω. Hence, φ(t, ω) gives a constant value ω
for a certain time interval and zero otherwise. The area under the step function φ(t, ω)
is calculated by taking the height of the steps multiplied by the change of the Brownian
motion
(
B(ti+1)−B(ti)
)
. Thus, the size of this area is random because of the randomness
of the positions of the Brownian motion. Summing over all simple step functions then
gives a first coarse approximation of the integral under the function f(t, ω) and the quality
of approximation will increase as the length of the steps tends towards zero. Note that
the way in which the height of the step function is chosen is crucial. Here, the beginning
of the step function φ(t, ω) plus the actual length of the interval is taken. This makes
the stochastic integral non-clairvoyant, i.e., it cannot look into the future. This fact is
consistent with the interpretation of Itô (1951),[20]. Because of this, it is reasonable to
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use Itô’s interpretation in financial economics. The Itô integral captures the idea that it is
impossible for investors to look into the future. In other words, they cannot anticipate the
price behavior of stock prices. The class of functions f(t, ω) for which the Itô integral is
defined here, can be extended to wider classes of functions. The only crucial point about
the classes of functions f(t, ω) is that they must be square integrable. For a detailed
study of the Itô integral we refer to Øksendal (2007),[29]. Another extension of the Itô
integral is to change the integrand from a Brownian motion to a general Lévy process.
A discussion of the most important basic results can be found in the first Chapter of
Øksendal and Sulem (2008),[30].
Returning to model uncertain security prices, it is problematic to assume a standard
Brownian motion because it could also take negative values. Therefore, one uses the
concept of a geometric Brownian motion.
Definition 2.6 (Geometric Brownian motion). Let B be a standard Brownian motion.
A stochastic process
(
X(t)
)
t∈[0,T ] is called geometric Brownian motion if it fulfills the
following condition:
X(t) = X(0) exp
{(
µ− σ
2
2
)
t+ σB(t)
}
for an arbitrary number of X(0),
where µ and σ are some deterministic constants.
The constant µ refers to the drift of the process whereas σ is a constant multiplier of
the variance of the standard Brownian motion. Due to the rational features such as con-
tinuous paths, log-normal distributed increments and non-negative values of the process,
the geometric Brownian motion is often used to model stock prices and for derivative
pricing. One of the most important models and perhaps the starting point of financial
economics and financial engineering (i.e., the construction of new financial securities) is
the Black—Scholes—Merton model developed by Black and Scholes (1973),[8], and Mer-
ton (1973),[27]. For a detailed study of the properties of a geometric Brownian motion
Billingsley (1995),[5], or Karatzas and Sherve (2004),[23], is again recommended. Note
that geometric Brownian motions are not Lévy processes because the increments of a
geometric Brownian motion are not stationary but if one considers the log of them, they
become Lévy processes.
Another well-studied stochastic process in stochastic analysis is theOrnstein—Uhlenbeck
process or mean-reverting process which goes back to a work by Ornstein and Uhlenbeck
(1930),[31].
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Definition 2.7 (Generalized Ornstein—Uhlenbeck process). A stochastic process
(
X(t)
)
t∈[0,T ]
defined on some probability space (Ω,F , P ) is called generalized Ornstein—Uhlenbeck pro-
cess if it satisfies the following:
X(t) = e−
R t
0 a(s) dsX(0) +
∫ t
0
a(s)µ(s)e−
R t
s a(v) dv ds
+
∫ t
0
σ(s)e−
R t
s a(v) dv dB(s)
+
∫ t
0
γ(s)e−
R t
s a(v) dv dL(s), for an arbitrary number of X(0),
where a(t), µ(t), σ(t), γ(t) : [0, Tmax]→ R are bounded, measurable and deterministic func-
tions, B is a standard Brownian motion and L is some Lévy process.
This is a generalization in the sense that it is not only driven by a Brownian motion
but also by a Lévy process. The function µ(t) can be interpreted as the long-term mean
of the process and the functions σ(t) and γ(t) multiply the variance that is caused by the
Brownian motion and the Lévy process. The influence of the stochastic processes can be
seen as shocks, occurring randomly. The deterministic function a(t) describes the speed of
mean-revision, meaning the speed of returning to the long-term mean µ(t) after a shock
has occurred. Ornstein—Uhlenbeck processes are often used to model stochastic interest
rate models (cf. e.g. Björk (1997),[7]). They are also used to model commodity prices (cf.
e.g. Schwartz (1997),[32]). The idea is that if the current price of a commodity has left
its steady state price too much, it returns to it because if the price is too high demand
drops and a downward price pressure pushes it back to its equilibrium. On the other
hand, if the price is too low there will be firms with excessively high marginal costs that
are dropping out of the market and an upward price pressure occurs. Therefore, prices
follow a long term equilibrium path. In the following section it will be assumed that the
asset prices are driven by mB independent Brownian motions and mL independent Lévy
processes, an assumption which is even more general and causes a higher variance of the
price processes.
2.2. Fundamentals of Arbitrage-free Pricing. The previous subsection provided us
with the mathematical toolbox which we can now apply to financial economic analysis.
Consider a financial market M consisting of a vector S(t) = (S0(t), . . . , Sd(t)) with
Si(t), i = 0, . . . , d securities. Usually S0(t) refers to a risk-free asset, whereas the other
securities are assumed to be risky. Additionally, assume that markets are frictionless, i.e.,
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there exist neither taxes nor transaction costs that might have influence on prices. If one
invests capital in a financial market one might buy different financial products and hold
them in a portfolio φ ∈ Rd if d different assets are assumed. Holding such a portfolio is
also often denoted by a trading strategy. To determine the value of such a portfolio at
time t, S(t) denotes a vector of all asset prices at time t, S(t) ∈ Rd and each component
follows either a deterministic or a stochastic process. In the analysis of financial contracts
a self-financing trading strategy is important to determine the returns of such a portfolio
or trading strategy. In other words, one is only interested in the value change of a portfolio
due to fluctuating market prices.
Definition 2.8 (Self-financing Trading Strategy (Definition 6.1.2 in Bingham and Kiesel
(2004),[6], p. 230)).
(i) The value of the portfolio φ at time t is given by the scalar product
Vφ(t) := φ(t)S(t) =
d∑
i=0
φi(t)Si(t), t ∈ [0, T ]
The process Vφ(t) is called the value process, or wealth process, of the trading
strategy φ.
(ii) The gains process Gφ is defined by
Gφ :=
∫ t
0
φ(u) dS(u) =
d∑
i=0
∫ t
0
φi(u) dSi(u).
(iii) A trading strategy φ is called self-financing if the wealth process Vφ(t) satisfies
Vφ(t) = Vφ(0) +Gφ(t) for all t ∈ [0, T ].
The value of any portfolio at time t, is given by the quantity multiplied with the current
price and then summed up over all different assets, (i). Whereas, (ii) states that changes
in the asset prices result in gains or losses from a specific trading strategy φ. Property
(iii) says that a trading strategy is self-financing if and only if the value of a trading
strategy Vφ(t) is the sum of the initial value of a portfolio Vφ(0) and the gains Gφ(t) over
time. This means that all changes in the wealth of a portfolio are due to capital gains, as
opposed to withdrawals of cash or injections of new funds.
The pricing principle in financial economics is the concept of an arbitrage-free price.
This is often referred to as there being ‘no free-lunch’ in financial markets. Therefore, we
first define an arbitrage opportunity.
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Definition 2.9 (Arbitrage Opportunity (cf. Definition 4.2.1 in Bingham and Kiesel
(2004),[6], p. 106)). A self-financing strategy φ is called an arbitrage opportunity or
arbitrage strategy if P (Vφ(0) = 0) = 1, and the terminal wealth of φ satisfies
P (Vφ(T ) ≥ 0) = 1 and P (Vφ(T ) > 0) > 0.
In words, an arbitrage opportunity is a self-financing strategy with zero initial value,
producing a non-negative final value with probability one and having positive probability
of a positive final value. As an example, consider two markets for exactly the same good,
A and B. Also assume that there are no transaction costs. At market A the price of the
good is 1 and at market B its price is 2. Thus, there is an arbitrage opportunity because
one can buy the good on market A and sell it on market B. In this case one would make
a profit of 1 without taking any risks.
Definition 2.10 (Arbitrage-free Market (cf. Definition 4.2.2 in Bingham and Kiesel
(2004),[6], p. 106)). We say that a security market M is arbitrage-free if there are no
arbitrage opportunities in the class of self-financing trading strategies.
It is reasonably intuitive to assume that markets are arbitrage-free. If there were an
arbitrage opportunity some arbitrageurs (people who only do arbitrage) would use this
opportunity to make positive profits. This causes a price pressure and the arbitrage gains
would disappear. One crucial point about arbitrage is that it involves no risk. Due to
the idea of no arbitrage, financial economists are interested in martingales because they
then can ensure that no arbitrage opportunity exists. If there exists no martingale under
the physical probability measure P , one tries to find another probability measure Q so
that the considered stochastic process S becomes a martingale under the new measure Q.
Then this process is called a Q-martingale. Therefore:
Definition 2.11 (Martingale Measure (Definition 4.2.3 in Bingham and Kiesel (2004),[6],
p. 108)). A probability measure Q on (Ω,FT ) equivalent to P is called martingale measure
for S if the process S follows Q-martingale with respect to the filtration (Ft)t∈[0,T ]. We
denote P(S) the class of equivalent martingale measures.
The equivalence of two probability measures is characterized by having the same null
and one sets. That means that no additional events are included in the event-space or
are withdrawn from it. A measure change is only a rescaling of probabilities. Hence, by
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the application of an equivalent martingale measure one tries to change a non-martingale
process into a martingale process. More precisely, if an asset price process is assumed to
follow (for example) a geometric Brownian motion, it has a positive drift, namely µ. If
additionally, a constant interest rate r of a risk-free bank account is assumed, financial
economists are interested in having no arbitrage between the risky asset and the risk-free
asset. The only possible way to achieve this is to change the probability measure from
P to Q by changing the drift of the geometric Brownian motion from µ to r. Then,
the geometric Brownian motion is a martingale under Q and no arbitrage opportunities
between the risk-free bank account and the risky security exist. Thus, the only possibility
to make positive profits is to take risk into account. Following such a trading strategy is
often called speculation. Furthermore it can be shown that:
Theorem 2.1 (No-arbitrage Theorem (Theorem 4.2.1 in Bingham and Kiesel (2004),[6],
p. 112)). The marketM is arbitrage-free if and only if there exists a probability measure
Q equivalent to P under which the discounted d-dimensional asset price process S is a
Q-martingale.
The proof can be found in Bingham and Kiesel (2004),[6], p. 112.
In order to price derivative securities one tries to find a perfect hedge or a replicating
portfolio because it is characterized by exactly the same payoff structure as the derivative
security but it is created by a portfolio of other financial securities.
Definition 2.12 (Replicating Strategy (Definition 6.1.8 in Bingham and Kiesel (2004),[6],
p. 236)). A contingent claim X is called attainable if there exists at least one admissible
trading strategy such that
Vφ(T ) = X.
We call such a trading strategy φ a replicating strategy for X.
So, a replicating portfolio generates at time T the same cash-flow as does X and in
highly efficient security markets we expect that the law of one price holds true, i.e., for a
specified cash-flow there exists only one price at time T . If this does not hold, there would
be an arbitrage opportunity. If we assume no-arbitrage then this must also hold for all
time points t ∈ [0, T ]. Hence, the discounted value of a contingent claim is given by the
initial cost of setting up a replicating portfolio and the gains from trading, if trading is
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needed in between to hedge the derivative security. So, the no-arbitrage condition implies
that the price at time t of an attainable contingent claim must be given by the value of
any replicating portfolio at that time t. This is the basic idea of arbitrage pricing theory
and is summarized in the next Proposition.
Proposition 2.1 (Risk-Neutral valuation Formula (Proposition 4.2.5 in Bingham and
Kiesel (2004),[6], p. 115)). The arbitrage-free price process piX of any attainable contingent
claim X is given by the risk-neutral valuation formula
piX(t) = β(t)
−1EQ[Xβ(T )|Ft] for all t ∈ [0, T ],
where EQ is the expectation operator with respect to an equivalent martingale measure Q
and β is some discounting factor.
A proof for a simple economy with one risk-free and one risky asset can be found in
Cox and Ross (1976),[10], while the general one is by Harrison and Kreps (1979),[18].
Both papers also show that the arbitrage-pricing approach does not require any specific
assumptions on preferences of agents other than non-satiation, i.e., agents prefer more
to less, to derive prices of contingent claims by ruling out arbitrage. Hence, the pricing
formula for any contingent claim that do not admit arbitrage must be independent of all
preferences.
A natural question that arises is whether there exists a unique martingale measure
Q and therefore a unique arbitrage-free price of a derivative security X. This question
coincides with whether markets are complete or incomplete.
Definition 2.13 (Completeness (cf. Definition 4.3.1 in Bingham and Kiesel (2004),[6],
p. 116)). A marketM is complete if every contingent claim is attainable, i.e. for every
FT -measurable random variable X ∈ L0 there exists a replicating self-financing strategy φ
such that Vφ(T ) = X.
Hence, the market M is incomplete if there is at least one contingent claim X that
cannot be replicated by a self-financing portfolio. One economic reason for developing
new financial products is therefore to complete markets. The importance of complete
markets can be seen from the next Theorem.
Theorem 2.2 (Theorem 4.3.1 in Bingham and Kiesel (2004),[6], p. 116). An arbitrage-
free market M is complete if and only if there exists a unique probability measure Q
equivalent to P , (Q ∼ P ), under which discounted asset prices are martingales.
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The proof can again be found in Bingham and Kiesel (2004),[6]. As this Theorem
tells us that only complete markets have unique martingale measures, it follows directly
that only in complete markets derivative securities have a unique price. In reality, we
sometimes observe jumps in the price process of an asset S(t), hence there is no unique
martingale measureQ and so no unique price. If there is a continuum or a set of martingale
measures, all of them give arbitrage-free prices. This circumstance might be a theoretical
explanation for the existence of the bid-ask spread, i.e. the difference between the seller’s
price and the demander’s price. The bid-ask spread is often used to measure transaction
costs. Hence, completing markets also means lowering transaction costs.
Theorem 2.1 and 2.2 can be combined to produce the Fundamental Theorem of Asset
Pricing. The term was first introduced by Dybvig and Ross (1992),[11], and is stated in
the following Theorem.
Theorem 2.3 (Fundamental Theorem of Asset Pricing (Theorem 4.4.1 in Bingham and
Kiesel (2004),[6], p. 119)). In an arbitrage-free complete marketM, there exists a unique
equivalent martingale measure Q.
For the proof the reader is referred to either Dybvig and Ross (1992),[11], or again
Bingham and Kiesel (2004),[6].
3. The Model Framework
This section will state the mathematical setup to price financial derivatives, where the
underlying price processes are driven by generalized exponential Ornstein—Uhlenbeck
processes. The model is motivated by the work done by Benth et al. (2003),[4], and
generalizes their work in the sense that it also allows for a time-dependent mean in the
Ornstein—Uhlenbeck dynamics. We consider a frictionless financial market consisting of
n risky assets and one bank savings account that pays a risk-free interest rate.
3.1. The Model Structure. Throughout this paper we assume a deterministic interest
rate on the savings. This means that the interest rate r is assumed to be a bounded and
measurable function r : [0, Tmax]→ R+ and follows the dynamics
R(t) = e
R t
0 r(s) ds,
where t ∈ [0, Tmax] for an initial investment of 1.
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A fixed time horizon Tmax, 0 < Tmax <∞, containing all expiration dates of the deriva-
tive contracts that are of interesting to us is assumed. Let a complete probability space be
given by (Ω,F , P ) and its filtration by (Ft)t∈[0,Tmax]. Consider mB independent Brownian
motions Bj(t), j = 1, . . . ,mL and mL independent Lévy processes Lj(t), j = 1, . . . ,mL.
We will work with Lévy processes that are pure-jump square-integrable processes with
increments having zero expectations. We restrict ourselves to Lévy processes that are
càdlàg. Hence, these processes are martingales with respect to the filtration (Ft)t∈[0,Tmax].
Then the Lévy—Khintchine representation gives
Lj(t) =
∫
R\{0}
zN˜j(dt, dz)
whereNj(dt, dz) is the homogeneous Poisson randommeasure related to Lj(t) and N˜j(dt, dz) =
Nj(dt, dz)−lj(dz) dt is its compensated Poisson measure, where lj(dz) is the Lévy measure
of Lj(t) and lj(dz) is σ-finite on the Borel sets of R\{0}.
Assume n correlated Ornstein—Uhlenbeck processes driven by mB Brownian motions
and mL Lévy noises:
dXi(t) = −ai(t)[Xi(t)− µi(t)] dt+
mB∑
j=1
σij(t) dBj(t) +
mL∑
j=1
γij(t) dLj(t), i = 1, . . . , n (2)
The deterministic functions ai, µi, σij, γij : [0, Tmax] → R are assumed to be bounded
and measurable. Additionally, we restrict ourselves to cases that are sufficiently non-
degenerate to ensure absence of arbitrage. The time-dependent means of the Ornstein—
Uhlenbeck processes Xi(t) are denoted by µi(t), whereas the functions σij(t), γij(t) gen-
erate the variances of the noise terms. The functions ai(t) are assumed to be strictly
positive and can be interpreted as the speed of mean revision. More precisely, the speed
of mean revision is the speed at which the processes return to their means if a jump has
occurred.
In order to solve the stochastic differential equation (2), we define a new stochastic
process Yi(t) of the following form:
Yi(t) = f
(
t,Xi(t)
)
= e
R t
0 ai(s) dsXi(t),
where f
(
t,Xi(t)
) ∈ C2(R2) has the following derivatives with respect to time t and to the
process Xi(t):
∂f
(
t,Xi(t)
)
∂t
= ai(t)e
R t
0 ai(s) dsXi(t) and
∂f
(
t,Xi(t)
)
∂Xi(t)
= e
R t
0 ai(s) ds
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Applying Itô’s Lemma for semi-martingales as Ikeda and Watanabe (1981),[19], shows,
the function f
(
t,Xi(t)
)
for i = 1, . . . , n results in
Xi(t) = e
− R t0 ai(s) dsXi(0) +
∫ t
0
ai(s)µi(s)e
− R ts ai(v) dv ds
+
mB∑
j=1
∫ t
0
σij(s)e
− R ts ai(v) dv dBj(s)
+
mL∑
j=1
∫ t
0
γij(s)e
− R ts ai(v) dv dLj(s), (3)
where the Xi(0) are constants. A detailed calculation of the application of Itô’s lemma
can be found in Appendix A.
The price dynamics of the risky assets are motivated by Kåresen and Husby (2002),[24],
and are assumed to have the form
Si(t) = Λi(t)e
Xi(t), i = 1, . . . , n, (4)
where Λi : [0, Tmax]→ R, i = 1, . . . , n, are continuous deterministic functions that model
seasonal variations of the spot prices Si(t). Note that spot prices Si(t) depend on the
same Brownian motions and Lévy processes and are therefore correlated.
In order to give conditions for existence of moments of the spot prices Si, define the
functions ψj(u) by
ψj(u) :=
∫
R\{0}
(euz − 1− uz)lj(dz), j = 1, . . . ,mL
and introduce an integrability condition on the tails of the Lévy measure:
Lévy Integrability condition: There exists a constant cj > 0 such that∫ ∞
1
ecjzlj(dz) <∞
Note that ψj(u) = logMLj(u), where MLj is the moment generating function of Lj(1).
Under the Lévy integrability condition and for |u| ≤ cj the functions ψj exist. Since
the jump processes Lj(t) are square integrable, the log-price logSi(t) will have finite
expectation and variance. Note that Si(0) = Λi(0)eXi(0), hence Xi(0) equals the initial
value of the log-price of the spot minus log Λi(0) and Xi(0) = log Si(0)− log Λi(0).
The following proposition states a sufficient condition for the existence of the k’th
moment of the spot price Si(t):
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Proposition 3.1. Let k be a natural number. For every j = 1, . . . ,mL, suppose the Lévy
integrability condition holds for the measure lj(dz), with c = kγij, for all i = 1, . . . , n,
γij := max0≤t≤T γij(t). Then
E[Si(t)k] = Λi(t)k exp
{
kX(0)e−
R t
0 ai(s) ds + k
∫ t
0
ai(s)µi(s)e
− R ts ai(v) dv ds
+
1
2
k2
mB∑
j=1
∫ t
0
σ2ij(s)e
−2 R ts ai(v) dv ds+
mL∑
j=1
∫ t
0
ψj
(
kγij(s)e
− R ts ai(v) dv) ds}
Proof. It is sufficient to give a proof for the special case n = mB = mL = 1. The general
case holds by applying the independence of the Brownian motions and Lévy processes.
First, recall the results:
E
[
exp
{∫ t
0
σ(s)e−
R t
s ai(u) du dB(s)
}]
= exp
{
1
2
∫ t
0
σ2(s)e−2
R t
s ai(u) du ds
}
(5)
and
E
[
exp
{∫ t
0
γ(s)e−
R t
s ai(u) du dL(s)
}]
= exp
{∫ t
0
ψ
(
γ(s)e−
R t
s ai(u) du
)
ds
}
(6)
where the Lévy integrability condition is assumed to hold for a constant c := max0≤t≤Tmax |γ(t)|.
By independence of the Brownian motion B(t) and the Lévy process L(t) follows:
E
[
S(t)k
]
= Λ(t)kE
[
ekX(t)
]
= Λ(t)kekX(0)e
− R t0 ai(s) ds+k R t0 ai(s)µi(s)e− R ts ai(v) dv ds
E
[
ek
R t
0 σ(s)e
− R ts a(v) dv dB(s)]E [ek R t0 γ(s)e− R ts a(v) dv dL(s)]
The assumed Lévy integrability condition and relations (5) and (6) lead to the moment
generating function of Si(t), namely:
E[Si(t)k] = Λi(t)k exp
{
kX(0)e−
R t
0 ai(s) ds + k
∫ t
0
ai(s)µi(s)e
− R ts ai(v) dv ds
+
1
2
k2
mB∑
j=1
∫ t
0
σ2ij(s)e
−2 R ts ai(v) dv ds+
mL∑
j=1
∫ t
0
ψj
(
kγij(s)e
− R ts ai(v) dv) ds}

Note that since we allow for jumps in the price processes of the underlying securities, the
market becomes incomplete. Hence, the usual hedging strategies as in the Black—Scholes
framework, developed by Black and Scholes (1973),[8], will not work. The following
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subsection will present one possible method of finding a single equivalent martingale
measure to ensure that arbitrage-free pricing of financial derivatives is feasible.
3.2. The Esscher Transformation. In a market which allows for jumps in risky asset
prices Si(t) in general no unique martingale measure Q equivalent to the probability
measure P exists. Thus the market is incomplete by Proposition 2.2. For a detailed
analysis of this see, e.g., Föllmer and Schweizer (1991),[15]. Due to the fact that we
cannot find an unique martingale measure, it is import to select one equivalent martingale
measure. A well known commonly used method of solving this problem is the use of the
Esscher transformation from actuarial calculus (Esscher (1932),[12]). Gerber and Shui
(1994),[17], were the first to apply this actuarial tool to option pricing. Other authors
include Fujiwara and Miyahara (2003),[16],Barndorff-Nielsen and Shepard (2001),[2], and
Kallsen and Shiryaev (2002),[22]. Here, the analysis of Kallsen and Shiryaev (2002),[22]
is used because we are dealing with exponential semi-martingales as underlying price
processes. In order to find an equivalent martingale measure via the Esscher transform
using the analysis by Kallsen and Shiryaev (2002),[22], we first have to calculate the
moment generating function or Laplace transform of the processes Xi(t), i = 1, . . . , n,
followed by stating the Laplace cumulant and then applying Theorem 4.1 in Kallsen and
Shiryaev (2002),[22].
The processes Xi(t), i = 1, . . . , n, follow the dynamics given in (3) and their moment
generating function is defined as:
M(k1, . . . , kn) := E[e
Pn
i=1 kiXi(t)]
Hence, it is given by
M(k1, . . . , kn) = exp
{
n∑
i=1
kiXi(0)e
− R t0 ai(s) ds +
n∑
i=1
ki
∫ t
0
ai(s)µi(s)e
− R ts ai(v) dv ds
+
n∑
i=1
1
2
k2i
mB∑
j=1
∫ t
0
σ2ij(s)e
−2 R ts ai(v) dv ds
+
n∑
i=1
mL∑
j=1
∫ t
0
ψj
(
kiγij(s)e
− R ts ai(v) dv) ds}
The corresponding cumulant generating function to the moment generating function is
the Laplace cumulant defined by:
C(k1, . . . , kn) := logM(k1, . . . , kn)
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and for our case can be calculated in the following form:
C(k1, . . . , kn) =
n∑
i=1
kiXi(0)e
− R t0 ai(s) ds +
n∑
i=1
ki
∫ t
0
ai(s)µi(s)e
− R ts ai(v) dv ds
+
n∑
i=1
1
2
k2i
mB∑
j=1
∫ t
0
σ2ij(s)e
−2 R ts ai(v) dv ds
+
n∑
i=1
mL∑
j=1
∫ t
0
ψj
(
kiγij(s)e
− R ts ai(v) dv) ds
According to Kallsen and Shiryaev (2002),[22], we define a local martingale
Z(k1, . . . , kn) := exp
{
n∑
i=1
kiXi(t)− C(k1, . . . , kn)
}
This local martingale is the density process of some probability measureQ ∼ P . According
to Theorem 4.1 in Kallsen and Shiryaev (2002),[22], the process Si(t) = eXi(t) is a Q-local
martingale if and only if it is exponentially special and it fulfills the following condition:
C(k1, . . . , ki−1, ki + 1, ki+1, . . . , kn)− C(k1, . . . , kn) = 0 for i = 1, . . . , n (7)
The density process Z(k1, . . . , kn) results in
Z(k1, . . . , kn) = exp
{
n∑
i=1
ki
mB∑
j=1
∫ t
0
σij(s)e
− R ts ai(v) dv dBj(s)
+
n∑
i=1
ki
mL∑
j=1
∫ t
0
γij(s)e
− R ts ai(v) dv dLj(s)
−
n∑
i=1
1
2
k2i
mB∑
j=1
∫ t
0
σ2ij(s)e
−2 R ts ai(v) dv ds
−
n∑
i=1
mL∑
j=1
∫ t
0
ψj
(
kiγij(s)e
− R ts ai(v) dv) ds} (8)
Kallsen and Shiryaev (2002),[22], define the concept exponentially special semi-martingale
as follows.
Definition 3.1. (Definition 2.12 in Kallsen and Shiryaev (2002),[22]) Let X be a real-
valued semi-martingale. X is called exponentially special if exp{X −X(0)} is a special
semi-martingale.
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According to this, our process Si(t) = eXi(t) is already exponentially special by definition
and condition (7) is fulfilled if, ki = k∗i for all i = 1, . . . , n satisfies
0 = Xi(0)e
R T
0 ai(s) ds +
∫ T
0
ai(s)µie
R t
s ai(v) dv ds
+(ki +
1
2
)
mL∑
j=1
∫ T
0
σ2ij(s)e
−2 R Ts ai(v) dv ds
+
mL∑
j=1
∫ T
0
[
ψj
(
(ki + 1)γij(s)e
− R Ts ai(v) dv)− ψj (kiγij(s)e− R Ts ai(v) dv)] ds (9)
Therefore, by Theorem 4.1 in Kallsen and Shiryaev (2002),[22], the probability measure
Q ∼ P is defined by its Radon—Nikodým density dQ
dP
:= Z(k∗1, . . . , k∗n), namely
dQ
dP
:= Z(k∗1, . . . , k
∗
n) = exp
{
n∑
i=1
ki
mB∑
j=1
∫ T
0
σij(s)e
− R Ts ai(v) dv dBj(s)
+
n∑
i=1
ki
mL∑
j=1
∫ T
0
γij(s)e
− R Ts ai(v) dv dLj(s)
−
n∑
i=1
1
2
k2i
mB∑
j=1
∫ T
0
σ2ij(s)e
−2 R Ts ai(v) dv ds
−
n∑
i=1
mL∑
j=1
∫ T
0
ψj
(
kiγij(s)e
− R Ts ai(v) dv) ds}
where k∗ = (k∗1, . . . , k∗n) is given by (9). In this case we call Q an Esscher martingale
transform for the exponential process. Note that if we deal with a one-dimensional process,
we know, according to Theorem 4.2 in Kallsen and Shiryaev (2002),[22], that this measure
is unique and so will the Esscher price of a derivative security. In our case, we deal with
an n-dimensional process and so in general there is not a unique Esscher Transformation.
Equation (10) and condition (9) provide us with all Esscher transforms that give us an
equivalent martingale measure and hence all arbitrage-free prices calculated by Esscher’s
change of measure. Thus, as long as we pick one we result in an arbitrage-free Esscher
Price.
Remark 3.1. In order to extend the model to the case L = (L1, . . . , LmL) is a Lévy process,
Theorem 2.19 in Kallsen and Shiryaev (2002),[22], implies that the Esscher transforma-
tion Z takes the form
Z := E(ϑXCt + Jt),
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i.e., the stochastic exponential of ϑXCt , with
Jt =
∫ t
0
∫
(R\{0})mL
(exp {ϑz} − 1) ((TN)(ds, dz)− ν(ds, dz))
where
(TN)(A×B) =
∫
A
N(ds, T−1s [B]),
ν(A×B) =
∫
A
l(ds, T−1s [B]),
Ts : RmL → R; (x1, . . . , xmL) 7→
mL∑
j=1
γj(s)xj
and
A ∈ B([0, T ]), B ∈ B(R\{0})
Here N(ds, dz1, . . . , dzmL) denotes the Poisson random measure associated with the mL-
dimensional Lévy process L(t) =
(
L1(t), . . . , LmL(t)
)
and l
(
l1(dz1), . . . , lmL(dzmL)
)
is the
Lévy-measure of L(t).
Further
XCt = −
∫ t
0
a(s)[X(s)− µ(s)] ds+
mB∑
j=1
∫ t
0
σ(s) dBj(s)
where X is given as in (3) for n = 1. Note, this result can be generalized to the case when
n ≥ 2 in the same way.
3.3. The Esscher Transform for the special case n = 2. In order to price an exchange
option between security S1(t) and security S2(t) we can restrict our analysis to the case
n = 2. Hence, the Radon—Nikodým density dQ
dP
given in (10) becomes
Z(k∗1, k
∗
2) = exp
{
k∗1
mB∑
j=1
∫ T
0
σ1j(s)e
− R Ts a1(v) dv dBj(s) + k∗1
mL∑
j=1
∫ T
0
γ1j(s)e
− R Ts a1(v) dv dLj(s)
+k∗2
mB∑
j=1
∫ T
0
σ2j(s)e
− R Ts a2(v) dv dBj(s) + k∗2
mL∑
j=1
∫ T
0
γ2j(s)e
− R Ts a2(v) dv dLj(s)
−1
2
k∗1
2
mB∑
j=1
∫ T
0
σ21j(s)e
−2 R Ts a1(v) dv ds−
mL∑
j=1
∫ T
0
ψj
(
k∗1γ1j(s)e
− R Ts a1(v) dv) ds
−1
2
k∗2
2
mB∑
j=1
∫ T
0
σ22j(s)e
−2 R Ts a2(v) dv ds−
mL∑
j=1
∫ T
0
ψj
(
k∗2γ2j(s)e
− R Ts a2(v) dv) ds} (10)
where k∗1 and k∗2 satisfy (9) for n = 2. Therefore, the Radon—Nikodým density for the
2-dimensional case (10) with the condition (9) for n = 2 will provide us with an Esscher
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price for the Exchange Option. Note that we are dealing with the 2-dimensional case,
hence we are not resulting in an unique Esscher transform (Theorem 4.2 in Kallsen and
Shiryaev (2002),[22]) but all Esscher prices are determined by (10) and (9) for n = 2.
4. The Esscher Prices of an Exchange Option
The previous two sections provided us with the toolbox and the market model to price
a wide field of options. In the following description we will derive the Esscher prices of a
specific option, namely an Exchange Option. This option allows the holder to exchange
one security for another at a pre-determined point in time T . The holder does not have
the right to execute the option before time T , this fact makes the option a european type.
To be more precise about the name of the option, we refer to it as a European Exchange
Option, so that the name also gives a specification of the maturity date.
The payoff of a European Exchange Call Option at time T , the expiry date, has the
following form:
(
S1(T )− S2(T )
)+
,
where (a)+ = max{a, 0}. Both price processes, S1(T ) and S2(T ), are assumed to follow
the dynamics in (4). This payoff structure can be rewritten in the form:
(
S1(T )− S2(T )
)+
=
(
S1(T )− S2(T )
)
1{S1(T )−S2(T )>0}
= S1(T )1{S1(T )−S2(T )>0} − S2(T )1{S1(T )−S2(T )>0}, (11)
According to the Risk-neutral Valuation Formula (Proposition 2.1) the arbitrage-free price
of any contingent claim is given by the discounted expected payoff under the equivalent
martingale measure Q. Before we are able to apply this rule we have to adjust it slightly.
Therefore the Risk-neutral Valuation formula (Proposition 2.1) can be rewritten as:
Corollary 4.1. The arbitrage-free price process of any attainable contingent claim X at
time 0 is given by
piX(0) = EP [XZ] ,
where EP refers to the expectation operator with respect to the physical probability measure
P and Z is the random variable defined by the Radon—Nikodým density dQ
dP
of Q with
respect to P .
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The proof of this Corollary is presented in Appendix B.
According to Corollary 4.1 and equation (11), prices of a European Exchange Option
Cee is given by
Cee = EP
[
Z
(
S1(T )1{S1(T )−S2(T )>0} − S2(T )1{S1(T )−S2(T )>0}
)]
And by the additivity of the expected value
Cee = EP
[
ZS1(T )1{S1(T )−S2(T )>0}
]− EP [ZS2(T )1{S1(T )−S2(T )>0}] , (12)
where Z refers to the Radon—Nikodým density in equation (10).
In order find to the Esscher prices, the two expectations will be calculated separately.
We start with the first term and then use the same method of calculation for the second.
Finally, the difference between both expected values has to be taken and the Esscher
prices of the European Exchange Option follow immediately. Recall that in Section 3.3
the Radon—Nikodým density for the 2-dimensional case was calculated by the generalized
Esscher Transform and in order to proceed it is written as
Z(k∗1, k
∗
2) =
dQ
dP
=
(
S1(T )
)k∗1(S2(T ))k2∗
exp
{
− k∗1e−
R T
0 a1(s) dsX1(0)− k∗1
∫ T
0
a1(s)µi(s)e
− R Ts a1(v) dv ds
−1
2
k∗1
2
mB∑
j=1
∫ T
0
σ21j(s)e
−2 R Ts a1(v) dv ds−
mL∑
j=1
∫ T
0
ψj
(
k∗1γ1j(s)e
− R Ts a1(v) dv) ds}
exp
{
− k∗2e−
R T
0 a2(s) dsX2(0)− k∗2
∫ T
0
a2(s)µi(s)e
− R Ts a2(v) dv ds
−1
2
k∗2
2
mB∑
j=1
∫ T
0
σ22j(s)e
−2 R Ts a2(v) dv ds−
mL∑
j=1
∫ T
0
ψj
(
k∗2γ2j(s)e
− R Ts a2(v) dv) ds}
(
Λ1(T )
)−k∗1(Λ2(T ))−k∗2 ,
where again k∗i , i = 1, 2, satisfy (9) for i = 1, 2.
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Inserting this into the first expected value of (12) gives:
EP
[ (
S1(T )
)1+k∗1(S2(T ))k2∗
exp
{
− k∗1e−
R T
0 a1(s) dsX1(0)− k∗1
∫ T
0
a1(s)µi(s)e
− R Ts a1(v) dv ds
−1
2
k∗1
2
mB∑
j=1
∫ T
0
σ21j(s)e
−2 R Ts a1(v) dv ds−
mL∑
j=1
∫ T
0
ψj
(
k∗1γ1j(s)e
− R Ts a1(v) dv) ds}
exp
{
k∗2e
− R T0 a2(s) dsX2(0)− k∗2
∫ T
0
a2(s)µi(s)e
− R Ts a2(v) dv ds
−1
2
k∗2
2
mB∑
j=1
∫ T
0
σ22j(s)e
−2 R Ts a2(v) dv ds−
mL∑
j=1
∫ T
0
ψj
(
k∗2γ2j(s)e
− R Ts a2(v) dv) ds}
(
Λ1(T )
)−k∗1(Λ2(T ))−k∗21{S1(T )−S2(T )>0}
]
The deterministic parts can be removed from the expectation. Hence, it follows
exp
{
− k∗1e−
R T
0 a1(s) dsX1(0)− k∗1
∫ T
0
a1(s)µi(s)e
− R Ts a1(v) dv ds
−1
2
k∗1
2
mB∑
j=1
∫ T
0
σ21j(s)e
−2 R Ts a1(v) dv ds−
mL∑
j=1
∫ T
0
ψj
(
k∗1γ1j(s)e
− R Ts a1(v) dv) ds}
exp
{
− k∗2e−
R T
0 a2(s) dsX2(0)− k∗2
∫ T
0
a2(s)µi(s)e
− R Ts a2(v) dv ds
−1
2
k∗2
2
mB∑
j=1
∫ T
0
σ22j(s)e
−2 R Ts a2(v) dv ds−
mL∑
j=1
∫ T
0
ψj
(
k∗2γ2j(s)e
− R Ts a2(v) dv) ds}
(
Λ1(T )
)−k∗1(Λ2(T ))−k∗2EP[(S1(T ))1+k∗1(S2(T ))k∗21{S1(T )−S2(T )>0}
]
(13)
In order to solve
EP
[(
S1(T )
)1+k∗1(S2(T ))k∗21{S1(T )−S2(T )>0}]
it is rewritten to
EP
[
exp
{
(1 + k∗1)y1 + k
∗
2y2
}
1{y1>y2}
]
=
∫ ∞
−∞
∫ ∞
−∞
1{y1>y2}e
(1+k∗1)y1+k
∗
2y2f(y1, y2) dy1 dy2,(14)
where y1 refers to logS1(T ) and y2 to logS2(T ), respectively. To calculate (14), the joint
density f(y1, y2) of logS1(T ) and logS2(T ) must be determined. The detailed calculation
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can be found in Appendix C. Here, we take for granted that it results in
f(y1, y2) =
1
(2pi)2
∫
R
∫
R
e−iθ1y1−iθ2y2ϕ(iθ1, iθ2) dθ1 dθ2, (15)
where
ϕ(iθ1, iθ2) = Λ1(T )
iθ1Λ2(T )
iθ2 exp
{
iθ1X1(0)e
− R T0 a1(s) ds + iθ2X2(0)e− R T0 ai(s) ds
+
(
iθ1 + iθ2
) ∫ T
0
a1(s)µ1(s)e
− R Ts a1(v) dv + a2(s)µ2(s)e− R Ts a2(v) dv ds
+
1
2
mB∑
j=1
∫ T
0
iθ21σ
2
1j(s)e
2−R Ts a1(v) dv + iθ22(−k∗2)2σ22j(s)e−2 R Ts a2(v) dv ds
+
mL∑
j=1
∫ T
0
ψj
(
iθ1γ1j(s)e
− R Ts a1(v) dv + iθ2γ2j(s)e− R Ts a2(v) dv
)
ds
}
if
∫
R
∫
R
|ϕ(iθ1, iθ2)| dθ1 dθ2 <∞,
and i refers to the imaginary unit. It follows that
EP
[(
S1(T )
)1+k∗1(S2(T ))k∗21{S1(T )>S2(T )}
]
=
∫ ∞
−∞
∫ ∞
−∞
1{y1>y2}e
(1+k∗1)y1+k
∗
2y2f(y1, y2) dy1 dy2
The indicator function can be dissolved by adjusting the borders of the integrals and we
are only interested in ‘positive’ time values of S1(T ), therefore
EP
[(
S1(T )
)1+k∗1(S2(T ))k∗21{S1(T )>S2(T )}
]
=
∫ ∞
0
∫ ∞
y2
e(1+k
∗
1)y1+k
∗
2y2f(y1, y2) dy1 dy2 (16)
The second term in (12) can be calculated in the same way. First, insert the Radon—
Nikodým density, then take out the deterministic terms, rewrite the expectations, compute
the joint density and finally solve the expectation. Hence, the second expected value of
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equation (12) is
exp
{
− k∗1e−
R T
0 a1(s) dsX1(0)− k∗1
∫ T
0
a1(s)µ1(s)e
− R Ts a1(v) dv ds
−1
2
k∗1
2
mB∑
j=1
∫ T
0
σ21j(s)e
−2 R Ts a1(v) dv ds−
mL∑
j=1
∫ T
0
ψj
(
k∗1γ1j(s)e
− R Ts a1(v) dv) ds}
exp
{
− k∗2e−
R T
0 a2(s) dsX2(0)− k∗2
∫ T
0
a2(s)µ2(s)e
− R Ts a2(v) dv ds
−1
2
k∗2
2
mB∑
j=1
∫ T
0
σ22j(s)e
−2 R Ts a2(v) dv ds−
mL∑
j=1
∫ T
0
ψj
(
k∗2γ2j(s)e
− R Ts a2(v) dv) ds}
(
Λ1(T )
)−k∗1(Λ2(T ))−k∗2EP[(S1(T ))k∗1(S2(T ))1+k∗21{S1(T )−S2(T )>0}
]
(17)
Rewriting the last term results in
EP
[
exp
{
k∗1y1 + (1 + k
∗
2)y2
}
1{y1>y2}
]
=
∫ ∞
−∞
∫ ∞
−∞
1{y1>y2}e
k∗1y1+(1+k
∗
2)y2f(y1, y2) dy1 dy2,
where again y1 denotes the logarithm of S1(T ) and y2 the logarithm of S2(T ). The joint
density f(y1, y2) is the same as for the first term and given in equation (15). Thus, the
expectations are given by
EP
[(
S1(T )
)k∗1(S2(T ))1+k∗21{S1(T )>S2(T )}
]
=
∫ ∞
−∞
∫ ∞
−∞
1{y1>y2}e
k∗1y1+(1+k
∗
2)y2f(y1, y2) dy1 dy2
Dissolving the indicator function gives
EP
[(
S1(T )
)k∗1(S2(T ))1+k∗21{S1(T )>S2(T )}
]
=
∫ ∞
0
∫ ∞
y2
ek
∗
1y1+(1+k
∗
2)y2f(y1, y2) dy1 dy2 (18)
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Now, we collect the calculation for the two terms of equation (12) and summarize them.
The first term is determined by equations (13) and (16) and is given by
exp
{
− k∗1e−
R T
0 a1(s) dsX1(0)− k∗1
∫ T
0
a1(s)µi(s)e
− R Ts a1(v) dv ds
−1
2
k∗1
2
mB∑
j=1
∫ T
0
σ21j(s)e
−2 R Ts a1(v) dv ds−
mL∑
j=1
∫ T
0
ψj
(
k∗1γ1j(s)e
− R Ts a1(v) dv) ds}
exp
{
− k∗2e−
R T
0 a2(s) dsX2(0)− k∗2
∫ T
0
a2(s)µi(s)e
− R Ts a2(v) dv ds
−1
2
k∗2
2
mB∑
j=1
∫ T
0
σ22j(s)e
−2 R Ts a2(v) dv ds−
mL∑
j=1
∫ T
0
ψj
(
k∗2γ2j(s)e
− R Ts a2(v) dv) ds}
(
Λ1(T )
)−k∗1(Λ2(T ))−k∗2∫ ∞
0
∫ ∞
y2
e(1+k
∗
1)y1+k
∗
2y2f(y1, y2) dy1 dy2 (19)
The second term is calculated by equations (17) and (18) and results in
exp
{
− k∗1e−
R T
0 a1(s) dsX1(0) +−k∗1
∫ T
0
a1(s)µ1(s)e
− R Ts a1(v) dv ds
−1
2
k∗1
2
mB∑
j=1
∫ T
0
σ21j(s)e
−2 R Ts a1(v) dv ds−
mL∑
j=1
∫ T
0
ψj
(
k∗1γ1j(s)e
− R Ts a1(v) dv) ds}
exp
{
− k∗2e−
R T
0 a2(s) dsX2(0)− k∗2
∫ T
0
a2(s)µ2(s)e
− R Ts a2(v) dv ds
−1
2
k∗2
2
mB∑
j=1
∫ T
0
σ22j(s)e
−2 R Ts a2(v) dv ds−
mL∑
j=1
∫ T
0
ψj
(
k∗2γ2j(s)e
− R Ts a2(v) dv) ds}
(
Λ1(T )
)−k∗1(Λ2(T ))−k∗2∫ ∞
0
∫ ∞
y2
ek
∗
1y1+(1+k
∗
2)y2f(y1, y2) dy1 dy2 (20)
In order to find arbitrage-free Esscher prices for a European Exchange Option given in
equation (12), the difference between (19) and (20) must be taken. The previous analysis
will be summarized in the following main Theorem of this paper.
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Theorem 4.1 (Arbitrage-free Esscher Prices of a European Exchange Option). Let the
underlying security price processes S1(t) and S2(t) have the form given in equation (4).
Suppose that for every j = 1, . . . ,mL the Lévy integrability condition holds for the Lévy
measure lj(dz). Then the arbitrage-free Esscher prices of a European Exchange Option
Cee with the payoff structure
(
S1(T )− S2(T )
)+
,
is given by
Cee = D
(∫ ∞
0
∫ ∞
y2
e(1+k
∗
1)y1+k
∗
2y2f(y1, y2) dy1 dy2
−
∫ ∞
0
∫ ∞
y2
ek
∗
1y1+(1+k
∗
2)y2f(y1, y2) dy1 dy2
)
D = (Λ1(T ))−k∗1(Λ2(T ))−k∗2
exp
{
− k∗1e−
R T
0 a1(s) dsX1(0)− k∗1
∫ T
0
a1(s)µ1(s)e
− R Ts a1(v) dv ds
−1
2
k∗1
2
mB∑
j=1
∫ T
0
σ21j(s)e
−2 R Ts a1(v) dv ds−
mL∑
j=1
∫ T
0
ψj
(
k∗1γ1j(s)e
− R Ts a1(v) dv) ds}
exp
{
− k∗2e−
R T
0 a2(s) dsX2(0)− k∗2
∫ T
0
a2(s)µ2(s)e
− R Ts a2(v) dv ds
−1
2
k∗2
2
mB∑
j=1
∫ T
0
σ22j(s)e
−2 R Ts a2(v) dv ds−
mL∑
j=1
∫ T
0
ψj
(
k∗2γ2j(s)e
− R Ts a2(v) dv) ds}
f(y1, y2) =
1
(2pi)2
∫
R
∫
R
e−iθ1y1−iθ2y2ϕ(iθ1, iθ2) dθ1 dθ2
ϕ(iθ1, iθ2) = Λ1(T )
iθ1Λ2(T )
iθ2 exp
{
iθ1X1(0)e
− R T0 a1(s) ds + iθ2X2(0)e− R T0 ai(s) ds
+
(
iθ1 + iθ2
) ∫ T
0
a1(s)µ1(s)e
− R Ts a1(v) dv + a2(s)µ2(s)e− R Ts a2(v) dv ds
+
1
2
mB∑
j=1
∫ T
0
iθ21σ
2
1j(s)e
2−R Ts a1(v) dv + iθ22(−k∗2)2σ22j(s)e−2 R Ts a2(v) dv ds
+
mL∑
j=1
∫ T
0
ψj
(
iθ1γ1j(s)e
− R Ts a1(v) dv + iθ2γ2j(s)e− R Ts a2(v) dv
)
ds
}
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provided that ∫
R
∫
R
|ϕ(iθ1, iθ2)| dθ1 dθ2 <∞,
where i refers to the imaginary unit and k∗1 and k∗2 satisfy
0 = Xd(0)e
R t
0 ad(s) ds +
∫ t
0
ad(s)µde
R t
s ad(v) dv ds
+(k∗d +
1
2
)
mL∑
j=1
∫ t
0
σ2dj(s)e
−2 R ts ad(v) dv ds
+
mL∑
j=1
∫ t
0
[
ψj
(
(k∗d + 1)γdj(s)e
− R ts ad(v) dv)− ψj (k∗dγdj(s)e− R ts ad(v) dv)] ds
for d = 1, 2.
5. Concluding Remarks
The model for arbitrage-free prices for an Exchange Option developed in the previous
Sections is of relevance to both theorists and practitioners. The considered option gives
the holder the right to substitute one risky asset for another at a fixed future point in time.
In the view of theory it is of interest as a measure of discounted future transaction costs.
Practitioners might benefit from the possibility of hedging a future asset substitution in
incomplete markets.
The presented pricing formula in Theorem 4.1 is advantageous in the sense that it pro-
vides a closed form solution for all arbitrage-free Esscher prices in incomplete markets,
where the equivalent martingale measures are determined by a generalized Esscher trans-
form. The fact that a closed form solution is found, eases the calibration of the model and
the simulation of option prices. In addition to this, the model’s generality is an advantage.
As argued previously, it could be used for option pricing in both stock and commodity
markets. This flexibility is generated by the assumption of the underlying asset price pro-
cesses, namely exponential generalized Ornstein—Uhlenbeck processes. The inclusion of
independent jump parts (Lévy processes) covers the possibility of distinguishing between
two different sorts of information. Hence, it might be possible to investigate effects that
cause jumps in the underlying’s price process.
A critical point of the model might be that it in general does not give an unique
Esscher transform. Therefore, in general no unique martingale measure is found and
hence no unique price for an Exchange Option can generally be inferred from Theorem
4.1. A detailed discussion of the Esscher transform goes beyond the scope of this paper
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and is left for further research. The verification of the restrictions that must be fulfilled
in order to result in an unique Esscher transform could be a good starting point.
For both theorists and practitioners it is essential to calibrate the model and simulate
option prices. In order to do this, specific Lévy processes have to be assumed. The
model must then be calibrated, i.e., functions for the deterministic parts have to be found
or reasonable assumptions about them must be made. Finally, one is able to simulate
option prices. A rational extension in this case could be to model the mean µi(t) and the
volatilities σi(t) and γi(t) of the Ornstein—Uhlenbeck processes as stochastic processes
and try to include them. An argument for this is that neither future means nor variances
of price processes are known today, so a separate model for them is needed.
In the view of practitioners, the ‘Greeks’ play an important role. The term ‘Greeks’
is generally used to describe the sensitivities of financial derivatives when parameters
of the underlying price processes change. They are calculated as derivatives of option
pricing formulas with respect to the deterministic parameters of the underlying asset
price processes. In general it should be feasible to calculate these sensitivities for every
Esscher price given by Theorem 4.1.
Another fruitful investigation of Theorem 4.1 could be the development of a closed form
solution for a European call option and a detailed discussion of the behavior it displays.
Note that this would only be a special case, where the second underlying S2(t) is assumed
to be a deterministic constant K. In this case also an unique Esscher transformation is
found and a direct comparison to the results of Black and Scholes (1973),[8], or other
authors who extend the Black—Scholes—Merton model could also be considered.
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Appendix A. Itô Calculation in Section 3.1
Let the dynamics of the generalized Ornstein—Uhlenbeck process be given by
dXi(t) = ai(t)[µi(t)−Xi(t)] dt+
mB∑
j=1
σij(t) dBj(t) +
mL∑
j=1
γij(t)
∫
R\{0}
zN˜j(dt, dz)
Let Yt(t) be a stochastic process of the form
Yi(t) = f
(
t,Xi(t)
)
= e
R t
0 ai(s) dsXt
The function f
(
t,Xi(t)
) ∈ C2, so it is twice differentiable and its derivatives with respect
to time t and process Xi(t) are given by
∂f
(
t,Xi(t)
)
∂t
= ai(t)e
R t
0 ai(s) dsXt and
∂f
(
t,Xi(t)
)
∂Xi(t)
= e
R t
0 ai(s) ds.
The second derivative with respect to Xi(t) is equal to zero. By applying Itô’s Lemma
for Itô—Lévy processes, the change of process Yi(T ), dYi(t) is given by
dYi(t) = ai(t)e
R t
0 ai(s) dsXi(t) dt+ e
R t
0 ai(s) ds dXi(t)
Inserting the dynamics of the Ornstein—Uhlenbeck process dXi(t) results in
de
R t
0 ai(s) dsXi(t) = ai(t)e
R t
0 ai(s) dsXi(t) dt+ e
R t
0 ai(s) ds
[
ai(t)[µi(t)−Xi(t)] dt
+
mB∑
j=1
σij(t) dBj(t) +
mL∑
j=1
γij(t) dLj(s)
]
Multiplying everything out gives
de
R t
0 ai(s) dsXi(t) = ai(t)e
R t
0 ai(s) dsXi(t) dt− ai(t)e
R t
0 ai(s) dsXi(t) dt+ e
R t
0 ai(s) dsai(t)µi(t)
+e
R t
0 ai(s) ds
mB∑
j=1
σij(t) dBj(t) + e
R t
0 ai(s) ds
mL∑
j=1
γij(t) dLj(s)
Rewriting by using integral notation turns out to be
e
R t
0 ai(s) dsXi(t)−Xi(0) =
∫ t
0
ai(t)µi(t)e
R s
0 ai(v) dv ds
+
mB∑
j=1
∫ t
0
σij(s)e
R s
0 ai(v) dv dBj(s) +
mL∑
j=1
∫ t
0
γij(s)e
R s
0 ai(v) dv dLj(s)
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And finally, solving for Xi(t) gives the solution to the dynamics of generalized Ornstein—
Uhlenbeck processes of equation (2)
Xi(t) = e
− R t0 ai(s) dsXi(0) +
∫ t
0
ai(s)µi(s)e
− R ts ai(v) dv ds
+
mB∑
j=1
∫ t
0
σij(s)e
− R ts ai(v) dv dBj(s) +
mL∑
j=1
∫ t
0
γij(s)e
− R ts ai(v) dv dLi(s)
for i = 1, . . . , n.
Appendix B. Proof of Corollary 4.1
Proof. According to the Risk-neutral Valuation Formula (Proposition 2.1) the price of an
contingent claim X at time t is given by
piX(t) = β(t)
−1EQ[Xβ(T )|Ft] for all t ∈ [0, T ]
Hence, the value of the contingent claim at the starting point of the contract t = 0 is
piX(0) = β(0)
−1EQ[Xβ(T )|F0]
= β(0)−1β(0)EQ[X]
=
∫
Ω
X dQ
For a random variable Z = dQ
dP
, where dQ
dP
refers to the Radon—Nikodým density dQ
dP
of Q
with respect to P , it holds that
piX(0) =
∫
Ω
X
dQ
dP
dP
=
∫
Ω
XZ dP
= EP [XZ]

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Appendix C. Calculation of the Joint Density in Equation (15)
The joint densities are calculated via solving the joint moment-generating function
and the application of the Fourier inversion formula. The general Laplace transform of(
logS1(T ), logS2(T )
)
is calculated as follows
ϕ(iθ1, iθ2) = E
[
eiθ1 logS1(T )+iθ2 logS2(t)
]
= E
[
Λ1(T )
iθ1 exp
{
iθ1X1(0)e
− R T0 a1(s) ds + iθ1
∫ T
0
a1(s)µ1(s)e
− R Ts a1(v) dv ds
+iθ1
mB∑
j=1
∫ T
0
σ1j(s)e
− R Ts a1(v) dv dBj(s) + iθ1
mL∑
j=1
∫ T
0
γ1j(s)e
− R Ts a1(v) dv dLj(s)
}
Λ2(T )
iθ2 exp
{
iθ2X2(0)e
− R T0 ai(s) ds + iθ2
∫ T
0
a2(s)µ2(s)e
− R Ts a2(v) dv ds
+iθ2
mB∑
j=1
∫ T
0
σ2j(s)e
− R Ts a2(v) dv dBj(s) + iθ2
mL∑
j=1
∫ T
0
γ2j(s)e
− R Ts a2(v) dv dLj(s)
}]
= E
[
Λ1(T )
iθ1Λ2(T )
iθ2 exp
{
iθ1X1(0)e
− R T0 a1(s) ds + iθ1
∫ T
0
a1(s)µ1(s)e
− R Ts a1(v) dv ds
+iθ1
mB∑
j=1
∫ T
0
σ1j(s)e
− R Ts a1(v) dv dBj(s) + iθ1
mL∑
j=1
∫ T
0
γ1j(s)e
− R Ts a1(v) dv dLj(s)
+iθ2X2(0)e
− R T0 ai(s) ds + iθ2
∫ T
0
a2(s)µ2(s)e
− R Ts a2(v) dv ds
+iθ2
mB∑
j=1
∫ T
0
σ2j(s)e
− R Ts a2(v) dv dBj(s) + iθ2
mL∑
j=1
∫ T
0
γ2j(s)e
− R Ts a2(v) dv dLj(s)
}]
= E
[
Λ1(T )
iθ1Λ2(T )
iθ2 exp
{
iθ1X1(0)e
− R T0 a1(s) ds + iθ2X2(0)e− R T0 ai(s) ds
+
(
iθ1 + iθ2
) ∫ T
0
a1(s)µ1(s)e
− R Ts a1(v) dv + a2(s)µ2(s)e− R Ts a2(v) dv ds
+
mB∑
j=1
∫ T
0
iθ1σ1j(s)e
− R Ts a1(v) dv + iθ2σ2j(s)e− R Ts a2(v) dv dBj(s)
+
mL∑
j=1
∫ T
0
iθ1γ1j(s)e
− R Ts a1(v) dv + iθ2γ2j(s)e− R Ts a2(v) dv dLj(s)
}]
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Using the same arguments as in the Proof of Proposition 3.1 it follows that the moment-
generation function of
(
logS1(T ), logS2(T )
)
is given by
ϕ(iθ1, iθ2) = Λ1(T )
iθ1Λ2(T )
iθ2 exp
{
iθ1X1(0)e
− R T0 a1(s) ds + iθ2X2(0)e− R T0 ai(s) ds
+
(
iθ1 + iθ2
) ∫ T
0
a1(s)µ1(s)e
− R Ts a1(v) dv + a2(s)µ2(s)e− R Ts a2(v) dv ds
+
1
2
mB∑
j=1
∫ T
0
iθ21σ
2
1j(s)e
2−R Ts a1(v) dv + iθ22σ22j(s)e−2 R Ts a2(v) dv ds
+
mL∑
j=1
∫ T
0
ψj
(
iθ1γ1j(s)e
− R Ts a1(v) dv + iθ2γ2j(s)e− R Ts a2(v) dv
)
ds
}
The moment-generation function can be written as
ϕ(iθ1, iθ2) =
∫ ∞
−∞
∫ ∞
−∞
eiθ1y1+iθ2y2f(y1, y2) dy1 dy2, (21)
where f(y1, y2) is the joint density of y1 and y2, where yd = logSd(t), d = 1, 2. Applying
the Fourier inversion formula results in the joint density
f(y1, y2) =
∫ ∞
0
∫ ∞
0
eiθ1y1+iθ2y2ϕ(iθ1, iθ2) dθ1 dθ2 (22)
A necessary condition that this holds is∫ ∞
0
∫ ∞
0
|ϕ(iθ1, iθ2)| dθ1 dθ2 <∞
Note that i refers to the imaginary unit.

